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We investigate logarithmic corrections to the entropy of supersymmetric, rotating, asymptotically AdS5 black
holes and black strings. Within the framework of the AdS/CFT correspondence, the entropy of these black ob-
jects is determined, on the field theory side, by the superconformal index and the refined topologically twisted
index of N = 4 supersymmetric Yang-Mills theory, respectively. We read off the logarithmic correction from
those field-theoretic partition functions. On the gravity side, we take the near-horizon limit and apply the
Kerr/CFT correspondence whose associated charged Cardy formula describes the degeneracy of states at sub-
leading order and determines the logarithmic correction to the entropy. We find perfect agreement between these
two approaches. Our results provide a window into precision microstate counting and demonstrate the efficacy
of low-energy, symmetry-based approaches such as the Kerr/CFT correspondence for asymptotically AdS black
objects.
Introduction.— One of the fundamental results in the
study of black holes during the 1970’s was to establish that
they can be attributed an entropy [1, 2], which further fits into
a set of rules similar to the thermodynamic laws [3–5]. At the
leading order in Newton’s constant, the entropy was found to
be universally given by a quarter of the area of the horizon.
When further quantum effects are taken into consideration,
logarithmic corrections to the entropy arise.
Entropy is an important bridge between the macroscopic
and the microscopic worlds, and we expect any candidate
quantum theory of gravity to provide an explanation for the
macroscopic Bekenstein-Hawking entropy in terms of micro-
scopic counting of degrees of freedom. As a leading candi-
date for a theory of quantum gravity, string theory has alredy
provided, in the work of Strominger and Vafa, a microstate
counting of the entropy for certain asymptotically flat black
holes [6]. It has also provided, through work by Sen and col-
laborators, an explanation for the logarithmic corrections to
the entropy [7].
The AdS/CFT correspondence, stating a mathematical
equivalence between certain theories containing gravity in
AdS and field theories on the boundary of AdS [8], poten-
tially translates intricate questions of black hole dynamics into
questions in unitary field theories. Using the AdS/CFT corre-
spondence, Benini, Hristov and Zaffaroni have given a mi-
croscopic foundation to the entropy of certain magnetically
charged AdS4 black holes in terms of a field theory counting
of microstates [9]. More recently, microscopic foundations
in terms of field-theoretic partition functions have been pro-
vided for rotating, electrically charged, asymptotically AdS
black holes [10–17]. For some of these black holes it has been
shown that the field-theoretic, microscopic correction to the
entropy matches precisely the macroscopic logarithmic cor-
rections arising from one-loop supergravity [18–21].
The recent developments use the full UV complete descrip-
tion of gravity in AdSd+1, the supersymmetric field theories
in d = 3, 4, 5, 6. Guided by the principle of renormalization
group (RG) flow, one naturally expects that a universal prop-
erty such as the black hole entropy can be recovered from an
effective theory without full knowledge of the UV complete
descripion, as verified in previous cases [22]. For AdS black
holes, applying the Kerr/CFT correspondence [23–25], a uni-
fied microscopic description of the entropy of asymptotically
AdS4,5,6,7 black holes was given in [26] for extremal and ex-
tended in [27, 28] to near-extremal black holes.
The goal of this manuscript is to explore logarithmic correc-
tions to the entropy of AdS5 black holes and black strings from
both the UV complete boundary N = 4 SYM theory and the
near-horizon 2-dimensional CFT. We review the logarithmic
corrections as arising from the analysis of the large-N limit
of the corresponding partition functions responsible for the
UV complete counting of the entropy for the black holes and
black strings in AdS5. Namely, we consider the logarithmic
corrections to the superconformal index and the topologically
twisted index of N = 4 SYM. We also exploit the fact that
in the Kerr/CFT approach the degeneracy of states is given
by the charged Cardy formula, which can and has been evalu-
ated to subleading order that contains logarithmic corrections
[29–31]. Logarithmic corrections to the entropy can be com-
puted macroscopically from one-loop contributions from the
massless sector in the corresponding supergravity theory [32–
34], and therefore provide a litmus test to any UV complete
description. We find that both approaches yield the same log-
arithmic correction.
The Superconformal Index and Black Hole Entropy.—
An efficient way to count 1
16
-supersymmetric states in N = 4
2
SYM is to consider the theory on S 1 × S 3 and evaluate the
superconformal index (SCI) [35, 36]:









where β is the circumference of S 1, and F is the fermionic
operator, while Qa=1,2,3 are flavor charges with associated fu-
gacities va = e
2πi∆a . With r we denote the R-charge. The
fugacities p = e2πiτ and q = e2πiσ are associated to the angular
momenta J1,2 of S




with the supercharge Q. In what follows we set τ = σ for
simplicity.
It has recently been shown that for complex chemical po-
tentials the index reproduces the leading Bekenstein-Hawking
entropy of the dual AdS5 black holes [10–12]. A more precise




∆1∆2∆3 + log N + O(e−1/|τ|). (2)
The logarithmic correction has been shown to be robust. In
[37] it was originally obtained using two different approaches
to evaluate the index: the saddle-point approximation and the
Bethe-Ansatz (BA) approach. In the latter approach, the log-
arithmic term appears as the degeneracy of the BA solutions.
The same logarithmic contribution was also shown to persist
for a large class of N = 1 supercoformal field theories. The
form of the logarithmic correction was further confirmed in
[38], which provides an interpretation for certain exponen-
tially suppressed terms. In [39], the logarithmic corrections
were extended to other gauge groups beyond S U(N). More
recently, the results of [37] were rederived using an effective
field theory approach, which clarifies the organization of the
index in inverse powers of |τ| and further confirms the loga-
rithmic term as certain degeneracy of vacua [40, 41].
The prediction for the logarithmic correction to the BPS
AdS5 black hole entropy is
∆S CFT4 = log N . (3)
Black Hole, Its Entropy and Near-Horizon Limit.— The
non-extremal asymptotically AdS5 black hole background
was found in [42]. In the Boyer-Lindquist coordinates xµ =
(t, r, θ, φ, ψ), the metric and the gauge field are given by (for
simplicity we consider the black hole with equal angular mo-
menta J1 = J2 and equal electric charges Q1 = Q2 = Q3)
ds2 = −
[

























(dt − ν) , (5)
where
ν ≡ a ( sin2θ dφ + cos2θ dψ) , Ξ ≡ 1 − a2g2 ,
∆r ≡
(r2 + a2)2(1 + g2r2) + q2 + 2a2q
r2
− 2m ,
ρ2 ≡ r2 + a2, f ≡ 2mρ2 − q2 + 2a2qg2ρ2 .
(6)
These black hole solutions are characterized by three indepen-
dent parameters (m, a, q), and g is the inverse radius of AdS5.
The macroscopic Bekenstein-Hawking entropy for the super-
symmetric black hole, computed as a quarter of the area of the












where we have written it explicitly in terms of the electric
charge, Q, and the angular momentum, J. The remarkable
achievement of [10–12] was to obtain this expression for the
black hole entropy as the Legendre transform of the leading
N2-part of the superconformal index (2), thus providing it with
a microscopic explanation.
Given that the AdS/CFT correspondence geometrizes RG
flow in the radial direction, it is convenient to consider zoom-
ing into a near-horizon region (IR), r0, while assumming a
co-rotating frame:
r → r0 + λ r̃ , t →
t̃
λ
, φ→ φ̃+ g t̃
λ
, ψ→ ψ̃+ g t̃
λ
. (8)


















where αi are constants, while the precise forms of the func-
tions Λi(θ) and βi(θ) are not crucial and can be found in [26].
What is crucial is that the near-horizon geometry is locally a
U(1)2-bundle over AdS2. The asymptotic symmetries of this
space can be studied via the Kerr/CFT correspondence, which
essentially associates to each U(1)-fiber in (9) a central charge
and an effective temperature in the CFT2. We can apply the
Kerr/CFT correspondence to either U(1), and the results of the
black hole entropy from Cardy formula are the same [25, 26].
Kerr/CFT Correspondence and Charged Cardy
Formula.— Let us briefly review the Cardy formula which
determines the degeneracy of states in a CFT2. We are inter-
ested in its application up to and including the logarithmic
corrections to the degeneracy of states. Consider the partition
function of a CFT2 with n global U(1) symmetries:
Z(τ, τ̄, ~µ) = Tr e2πiτL0−2πiτ̄L̄0+2πiµi P
i
, (10)
where Pi are the conserved charges of the global U(1)’s, and
µi are the corresponding chemical potentials. The modular
3
invariance of the partition function requires that













where µ2 ≡ µiµ jki j with ki j denoting the matrix of the Kac-
Moody levels of the U(1) currents. The modular invariance
(11) implies that for small τ



















and piv are the lowest eigenvalues of L0, L̄0 and
Pi respectively. Moreover, we set piv = 0 corresponding to an
electrically neutral vacuum.
The density of states ρ(τ, τ̄, ~µ) can be expressed as the in-
verse Fourier transform of Z(τ, τ̄, ~µ):
ρ(EL, ER, ~p) =
∫




where EL, ER and p
i are the eigenvalues of L0, L̄0 and P
i,
respectively, and n denotes the number of independent chem-
ical potentials. Given the behavior of Z, the degeneracy ρ can



















where ki j is the inverse matrix of k
i j, and P2 ≡ pi p jki j.
Note that the saddle-point values τ0 and µ0i are parametrically
small, which is reminiscent of the 4d Cardy limit originally
used in [10, 11] and recently clarified in [40, 41].
At the saddle (14), the density of states ρ reaches its ex-
tremum ρ0, and the corresponding entropy is





















cT 2L , ER =
π2
6
cT 2R , (16)








where TR is proportional to the physical Hawking tempera-
ture TH . This formula is the canonical ensemble version of
the charged Cardy formula studied in [43], and it has been
successfully used in a variety of cases [23, 44–47].
From the near-horizon CFT2 and the Kerr/CFT correspon-
dence we know that for the BPS AdS5 black hole
cL =
9πa2
GNg(1 − ag)(1 + 5ag)
=
18N2(ag)2






















. Note that both cL and TL are dimensionless.
Consequently, the BPS AdS5 black hole entropy at the leading








(1 − ag)2 . (20)
This near-horizon CFT2 result matches the macroscopic
Bekenstein-Hawking entropy of the black hole (7), as shown
in [24–26].
Logarithmic Corrections from Near-Horizon CFT2.—
To derive the logarithmic corrections to the black hole entropy
from the near-horizon CFT2, we evaluate the Cardy formula
beyond its leading saddle-point value by including its Gaus-
sian correction. Namely, we consider a logarithmic correction
∆S obtained from expanding τ, τ̄ and ~µ to the quadratic order
around the saddle point given by (14). The result is







where A is the Hessian of the exponent in the integrand of












2 det(ki j) ,
(22)
where k11 comes from the S U(2) rotation, which corresponds
to the angular momentum, while kii (i > 1) come from the
U(1) gauge symmetries.
For supersymmetric extremal (BPS) black holes, TR van-
ishes, and only the left sector contributes to the black hole








2 det(ki j) , (23)
where − EvL =
c
24
, 4EL − P2 =
2π2
3
cT 2L , (24)
and the Kac-Moody level from S U(2) rotation, i.e. k11, is pro-
portional to the central charge c [48], while the Kac-Moody
levels from U(1) gauge symmetries, i.e. kii (i > 1) are propor-
tional to T 2
L
N−2.
Since the near-horizon region selects an S U(2) rotation
from the isometry [25, 26], only one of the two angular mo-
menta can contribute to the 1-loop determinant detA in (23),
whose Kac-Moody level is denoted by k11. In addition, we
consider three U(1) gauge symmetries, whose Kac-Moody
levels are kii (i = 2, 3, 4). Therefore, for the BPS AdS5 black
hole, the N-dependences of various factors are (i = 2, 3, 4)
− EvL ∼ N2 , 4EL − P2 ∼ N2 , k11 ∼ N2 , kii ∼ N−2 .
(25)
The configurations we study have five chemical potentials
(three for the electric charges and two for angular momenta)
4
subject to a constraint, which results in, n = 4, in (23). Con-
sequently,












and the logarithmic correction to the leading-order BPS AdS5
black hole entropy (20) is






= log N + O(1) , (27)
which precisely agrees with ∆S CFT4 in (3).
Black String Entropy from N = 4 SYM.— A rotating
AdS5 black string solution in gauged supergravity has been
discussed in [43], where it was shown that its leading-order
entropy can be obtained from the refined topologically twisted
index ofN = 4 SYM on S 2 × T 2.
The topologically twisted index (TTI) is defined for any
N = 1 theory on S 2 × T 2 with a topological twist along S 2
Z(pa,∆a) = (−1)Fe2πiτ {Q,Q
†}ei∆a Ja , (28)
where τ is the modular parameter of the torus T 2, and the
background magnetic charges are pa, while ∆a are chemical
potentials for the generators of flavor symmetries (a = 1, 2, 3).
One can further refine it by rotation on S 2 [49]. The topo-
logically twisted index of N = 4 SYM with gauge group
S U(N) admits a presentation as an integral over the space of
holonomies, and can be evaluated as the sum over residues
[50]. The location of a set of such residues was found in
[51]. The set of solutions was characterized by three integers
{m, n, r} and a constant ū enforcing the S U(N) constraint. This
very set of solutions [51] has inspired the evaluation of the
SCI carried in [12]. In the large-N limit of the SCI, it is possi-
ble to argue that the configuration corresponding to {1,N, 0} is
dominant. For fixed {m, n, r}, it is possible to count how many
values of the holonomies give non-equivalent contributions to
TTI (by non-equivalent we mean, those which are not iden-
tified by periodicity u ∼ u + 1 or u ∼ u + τ). Imposing the














k = 0, 1, · · · ,N − 1 .
(29)
We then conclude that there is a degeneracy factor of N for
each {m, n, r} configuration contributing to the TTI.
As we have discussed in the AdS5 black hole case, the log-
arithmic correction to the entropy can be seen as essentially
arising from the degeneracy of dominant BA solutions to the
appropriate partition function of the boundary N = 4 SYM.
Therefore, for the BPS rotating AdS5 black string considered
in [43], the logarithmic correction can be obtained from the
degeneracy of dominant residues contributing to the TTI of
N = 4 SYM, i.e.
∆S CFT4 = log N. (30)
This result has the same origin (in the Bethe-Ansatz treatment
[12]) as in the SCI, and we expect a similar robustness as the
logarithmic correction to the AdS5 black hole.
Black String Entropy from CFT2.— The near-horizon


























whereM ≡ −p1 p2 p3 is the product of magnetic charges, and
J is the angular momentum, while
Θ ≡ (p1)2 + (p2)2 + (p3)2 − 2(p1 p2 + p1 p3 + p2 p3) ,
Π ≡ (−p1 + p2 + p3)(p1 − p2 + p3)(p1 + p2 − p3) ,
W ≡ −4q0 p




with q0 denoting the momentum added along the black string
direction. Using the standard Kerr/CFT correspondence, we





This central charge was found in [43] as a Brown-Henneaux
central charge [52].
To compute the black string entropy using the Cardy for-
mula, we still need the Frolov-Thorne temperature, which can
















which is the same as the leading-order rotating AdS5 black
string entropy [43].
For the logarithmic correction to the AdS5 black string en-
tropy from the near-horizon CFT2, we apply the same tech-
nique as the AdS5 black hole case. As mentioned in [43], the
rotating AdS5 black string solution has one angular momen-
tum and three electric charges. Similar to the BPS AdS5 black
hole case,
c ∼ N2 , k11 ∼ N2 , kii ∼ N−2 (i = 2, 3, 4) , (36)
where we take n = 4 in the general formula (23) due to the fol-
lowing reason. Three U(1) electric charges have three corre-
sponding chemical potentials ∆a subject to a constraint, hence
there are only two indepedent U(1) electric charges. The an-
gular momentum J appearing in the second line of (31) can
5
be viewed as an additional U(1), which can be treated in the
same way as a U(1) electric charge [54], while in the first line
of (31) there is actually another angular momentum hidden in
the BTZ part of the metric. Hence, from the near-horizon re-
gion of the rotating AdS5 black string there are still one angu-
lar momentum and three U(1) charges (including J), which
are independent of each other. Unlike the AdS5 black hole
case where we can choose one of the two angular momenta,
for the rotating AdS5 black string the way of counting near-
horizon symmetries is unique. Consequently,












and the logarithmic correction to the leading-order AdS5 black
string entropy (35) is






= log N + O(1) . (38)
Discussion.— In this letter we have explored logarithmic
corrections to asymptotically AdS5 supersymmetric extremal,
rotating, electrically charged black holes and black strings.
For each case we examined the microstate counting in the
context ofN = 4 SYM whereby it reduces to a combinatorial
contribution from the space of solutions. We also approached
the logarithmic corrections to the entropy from considering
the microstate counting in the near-horizon geometry and its
dual CFT2, where the logarithmic corrections arise as sublead-
ing contributions in the Cardy formula for the degeneracy of
states. We found that the results from both approaches pre-
cisely match, log(N), for both AdS5 black holes and rotating
black strings.
Our agreement in using the Cardy formula to its logarith-
mic precision should come more as a surprise than as a fore-
gone conclusion. There is precedent where the Cardy formula
leads to the wrong answer for logarithmic corrections [54].
Although the subtleties in applying the Cardy formula beyond
its intrinsic regime are numerous, we expect that our positive
results indicate the existence of resolutions which take into
account particular properties of the spectrum [55, 56].
It would be interesting to derive the logarithmic corrections
directly from the macroscopic one-loop contribution in type
IIB supergravity. It is also natural to extend our near-horizon
analysis to asymptotically AdS black holes in other dimen-
sions. This route is certain to encounter obstructions in the
form of zero modes, as is the case for asymptotically AdS4
and AdS6 black holes. Indeed, it has been shown that the one-
loop supergravity contribution to the logarithmic corrections
for asymptotically AdS4 black holes [18] is different from the
one obtained in the near-horizon approach [57, 58]. Our work
indicates that given the absence of obstructions (zero modes)
in odd-dimensional AdS spacetimes the counting can be per-
formed at the near-horizon level, paving the way for a quan-
tum entropy formula à la Sen [59]. It will also be interesting
to explore the implications of our near-horizon results within
supergravity localization along the lines of [60, 61].
Acknowledgments.— We thank J. Hong and C. Uhlemann
for comments and V. Godet for insightful discussions. This
work was supported in part by the U.S. Department of Energy
under grant DE-SC0007859. M.D. is supported by the NSF
Graduate Research Fellowship Program under NSF Grant
Number: DGE 1256260. J.N. thanks the Simons Center for
Geometry and Physics for warm hospitality during the initial





[1] J. D. Bekenstein, Phys. Rev. D7, 2333 (1973).
[2] S. W. Hawking, Euclidean quantum gravity,
Commun. Math. Phys. 43, 199 (1975), [,167(1975)].
[3] J. M. Bardeen, B. Carter, and S. W. Hawking,
Commun. Math. Phys. 31, 161 (1973).
[4] J. D. Bekenstein, Phys. Rev. D9, 3292 (1974).
[5] S. W. Hawking, Phys. Rev. D13, 191 (1976).
[6] A. Strominger and C. Vafa, Phys. Lett. B379, 99 (1996),
arXiv:hep-th/9601029 [hep-th].
[7] A. Sen, Gen. Rel. Grav. 46, 1711 (2014),
arXiv:1402.0109 [hep-th].
[8] J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999),
[Adv. Theor. Math. Phys.2,231(1998)],
arXiv:hep-th/9711200 [hep-th].
[9] F. Benini, K. Hristov, and A. Zaffaroni, JHEP 05, 054 (2016),
arXiv:1511.04085 [hep-th].
[10] A. Cabo-Bizet, D. Cassani, D. Martelli, and S. Murthy,
JHEP 10, 062 (2019), arXiv:1810.11442 [hep-th].
[11] S. Choi, J. Kim, S. Kim, and J. Nahmgoong, (2018),
arXiv:1810.12067 [hep-th].
[12] F. Benini and P. Milan, Phys. Rev. X 10, 021037 (2020),
arXiv:1812.09613 [hep-th].
[13] S. Choi and S. Kim, (2019), arXiv:1904.01164 [hep-th].
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